Quantum contextuality is usually revealed by the non-contextual inequality, which can always be associated with an exclusivity graph. The quantum upper bound of the inequality is nothing but the Lovász number of the graph. In this work, we show that if there is a Lovász-optimum orthogonal representation realized in the d-dimensional complex Hilbert space, then there always exists a corresponding Lovász-optimum orthogonal representation in the (2d − 1)-dimensional real Hilbert space. This in turn completes the proof that the Lovász-optimum orthogonal representation for any exclusivity graph can always be realized in the real Hilbert space of suitable dimension.
I. INTRODUCTION
Quantum contextuality, which is a fundamental concept in quantum information theory, was independently discovered by Bell [2] , Kochen and Specker (KS) [1] . Contextuality is usually revealed by the non-contextual inequality, quantummechanical violation of which implies the nonexistence of the non-contextual hidden variable models. Several important applications of contextuality have recently been found in the certification of random number [3] as well as the speeding up of quantum algorithms [4] .
Graph theory has had wide applications in information theory. Very recently, Cabello, Severini and Winter (CSW) have introduced a general graph-theoretic approach for studying contextuality [5] , this allows to show that quantum contextuality is closely related to the Lovász number [6] , an important parameter used in optimization and information theory. For a given noncontextuality inequality
with some exclusivity relation, it can always be represented by an exclusivity graph. The concrete way is as follows. There is an exclusivity relation between two rank-1 projective measurements P i and P j if they are orthogonal to each other. There is an edge e ij between two vertices i, j if and only if P i , P j are exclusive. The set of all the exclusivity relations of all P i 's is said to be the exclusivity relation of the noncontextual inequality. In addition, one can associate each P i with a weight w i to the i-th vertex. In this way, the constructed graph G = (V, E, W ) is called as the exclusivity graph of the noncontextual inequality, where V is the set of vertices, E is the set of edges and W is the set of weights. And as shown in [5] , the classical bound of S is just the independence number α of the graph G.
It is interesting to study the maximal quantum violation S max for the inequality (1) as well as the optimal represen- * Electronic address: chenjl@nankai.edu.cn tation for projectors P i 's. Remarkably Ref. [5] has pointed out that S max is nothing but the Lovász number ϑ of the graph G [6] . Correspondingly, the optimal representation for the projectors is often called as the Lovász-optimum orthogonal representation (LOOR). Let us take the Klyachko-CanBinicioglu-Shumovsky (KCBS) inequality [7] as an example. The KCBS inequality is the simplest noncontextual inequality for the three-dimensional system, in the sense that it requires the minimal number of projective measurements.
The KCBS inequality is given by
where P j = Tr[ρP j ], ρ is quantum state, and P j 's are rank-1 projective measurements with exclusivity relations: P j P j+1 = 0 (j = 1, 2, 3, 4) and P 5 P 1 = 0. The exclusivity graph for the KCBS inequality is a pentagon graph, in which the weights of all vertices are equal to 1 (see Fig. 1 ). 
where
and "T " means transpose of a matrix. For a general exclusivity graph of noncontextual inequality, the original Lovász number is defined as
where |ψ and |v j , j ∈ V run over all possible real unit vectors such that v i |v j = 0 if vertices i, j are connected. Note that in quantum theory (QT) S max can be always obtained for a pure state |ψ since the noncontextual inequality is linear, and each P j can be written as a form of |v j v j |. Then the definition of Lovász number directly implies that the upper bound of S in quantum case is just ϑ(G) if S max is always obtained for a set of projectors P j in a real Hilbert space of suitable dimension.
Quantum theory and quantum information theory are based on the Hilbert space. It has been claimed that "...Taken into account that the maximum value of S in QT is always obtained for a quantum pure state |ψ and a set of projectors Π i in a real Hilbert space of suitable dimension" [5] , namely, the Lovász-optimum orthogonal representation can be always realized in the real Hilbert space. To our knowledge, a detailed proof for the claim has not been given in the literature. The purpose of this paper to provide such a proof.
The paper is organized as follows. In Sec. II, we study the exclusivity graph originated from the work of Bengtssona, Blanchfielda, and Cabello (BBC), the BBC-21-Ray [8] , in which the vectors |v j 's have been given by the complex unit vectors. This in turn provides the first example for a nontrivial realization of the LOOR in the complex Hilbert space, and also arises immediately a natural question: for BBC-21-Ray, can one realize its LOOR in the real Hilbert space of suitable dimension (as the claim mentioned above)? The answer is positive. In Sec. III, we discuss the relation between ϑ c (G) and ϑ(G), which are the Lovász numbers in terms of complex and real unit vectors, respectively. In Sec. IV and Sec. V, we give two procedures to construct a real LOOR from a complex one. The first procedure is in the operator perspective while the second one is in the vector perspective. Conclusion is made in the last section. 
II. BBC-21-RAY AND ITS LOOR
The noncontextual inequality of BBC-21-Ray is given by [8] S BBC = 3
where P j 's satisfy the exclusivity relation as shown in its exclusivity graph (see Fig.2 ). The 21 complex unit vectors |v j 's are as follows:
Originally, BBC-21-Ray was proposed to develop a stateindependent noncontextuality (SIC) inequality for a qutrit (a three-dimensional quantum system). This inequality holds for any noncontextual theory, while the upper bound of S is
holds for any state of a qutrit. In addition, the Lovász number of the graph can be computed as ϑ(G) = 29 by using the semidefinite programming, thus S max BBC = ϑ(G) = 29. Let us generalize a little bit the Lovász number in terms of complex unit vectors as:
where |ψ and |v j , j ∈ V run over all possible complex unit vectors such that v i |v j = 0 if vertices i, j are connected. By choosing ρ = |ψ ψ|, |ψ = (1, 0, 0) T , and the complex vectors |v j 's in Eq. (7), one immediately has
and automatically obtains a complex realization of LOOR in the Hilbert space.
Here, we would like to address that, the BBC-21-Ray graph indeed can have a real realization of LOOR in the Hilbert space by performing the procedures in Sec. III or Sec. IV. The real LOOR can be realized in 2 × 3 − 1 = 5 dimension. The result is |ψ = (1, 0, 0, 0, 0) T and |v j 's are as follows 0, 
this yields directly ϑ(G) = 29. Remark 1.-The 21 complex unit vectors |v j 's in Eq. (7) cannot be rotated to 21 real unit vectors simultaneously by a general unitary transformation. This implies that the realization of the complex vectors together with the complex LOOR are nontrivial.
Remark 2.-The maximal eigenvalue of the matrix in the right-hand side of Eq. (12) is still 29 implies the set of |ψ and |v j 's is indeed a LOOR in the real Hilbert space. However, the other eigenvalues are less than 29 implies that the inequality (6) is no longer an SIC inequality in 5-dimensional Hilbert space. Thus, the complex Hilbert space is still needed if we want to keep some special properties of the inequality, like state-independent noncontextuality [9] [10] [11] [12] .
III. ϑc(G) VERSUS ϑ(G)
For convenience, let's firstly list some symbol assumptions:
1. x r , x i is the real part and the imaginary part of x = x r + ix i respectively for x is a number, a vector or a matrix.
A · B means TrA
H B where A, B are two matrices.
3.
A 0 means that A is a positive semidefinite matrix.
4. R n×n is the set of real n × n dimensional matrices.
5. C n×n is the set of complex n × n dimensional matrices.
To prove that upper bound of S in quantum case is the Lovász number is equivalent to prove
, which implies the quantum upper bound of the noncontextual inequality equals to the original Lovász number.
Remark 3.-For the general noncontextual inequality (1), whose weights maybe not are all 1's, then its exclusivity graph is the weighted graph. We can change the maximized object J · X to W · X, where w ij = √ w i w j . And the rest of the proof is same. On the other hand, we can give two procedures to construct a real optimal solution (the LOOR realized in the real Hilbert space) from a complex one, which shows ϑ c (G) = ϑ(G) from another point of views. One procedure is in the operator perspective while the other one is in the vector perspective.
IV. PROJECTOR CONSTRUCTION PROCEDURE
Assume the set of pure state ρ = |ψ ψ| and rank-1 pro-
Then the first step to construct a real optimal solution is constructing real projector Q i 's such that
It's easy to find that Q i 's are rank-2 projectors and
What's more, we claim that the maximal eigenvalue of i w i Q i is the same as i w i P i , that is, the Lovász number. Let's denote
The claim is implied by the following lemma. 
Hermite matrix. So,
Till now, we have constructed the real rank-2 projectors from the complex ones. We continue to construct the real rank-1 projectors based on the rank-2 ones in the next step.
Let's denoteρ
directly calculation shows that
which means the rank-2 mixed stateρ is optimal. If we choose a rank-1 decomposition ofρ =ρ 1 +ρ 2 , thenρ 1 ,ρ 2 are all optimal. And we can always decompose Q i into rank-1 projectors
and
i is such a construction. After all, the set ofρ 1 and Q 1 i 's is the real rank-1 optimal solution for the quantum case.
V. VECTOR CONSTRUCTION PROCEDURE
We go on to give the vector construction procedure, which is essentially equivalent to the projector one.
Assume the set of d dimensional unit vectors |ψ and |v i 's is an optimal compelx solution, that is, ϑ = i w i | ψ|v i | 2 . Then the construction procedure is as following.
The first step is to find a basis |1 , |2 , . . . , |d such that |ψ = |1 . The second step is to construct |u i as |u i = e −iαi |v i , where α i is such an angle that
will always be 0. The third step is mapping any |v =
Denote |φ = M(|ψ ), |ω i = M(|v i ) for i ∈ V , and S r = i w i ( φ|ω i ) 2 , then we can check that
And the exclusivity relations 
Denote |ϕ = |ψ |2 , then φ|ϕ = 0 and
which means |ω i 's and |ψ are in a (2d−1)-dimensional subspace. Thus, we can reduce the 2d-dimensional unit vectors |φ and |ω i 's to (2d − 1)-dimensional ones without changing the exclusivity relations and S r = ϑ(G). Till now, we have completed the vector procedure and the real unit vectors for the BBC-21-Ray as shown in Eq. (11) have been successfully constructed by these two procedures.
VI. CONCLUSION
In conclusion, we have proved in detail that the Lovász-optimum orthogonal representation for any exclusivity graph can be realized in the real Hilbert space of suitable dimension. Explicitly, if there is a Lovász-optimum orthogonal representation realized in the d-dimensional complex Hilbert space, then there always exists a corresponding Lovász-optimum orthogonal representation in the (2d − 1)-dimensional real Hilbert space. Very recently, a general set of SIC has been developed for a single qutrit [12] , in which there are (3+3k+k 2 ) complex rays that involve the BBC-21-Ray as a special case. The real as well as the complex Lovász-optimum orthogonal representation could be obtained accordingly, which we shall investigate subsequently.
